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ON VECTOR-POTENTIAL DISTRIBUTIONS OUTSIDE
THE TOROIDAL SOLENOIDS

V.M.Dubovik

A simple way of calculating the longitudinal part of the vector-po-
tential for toroidal current systems confining the magnetic field is exem-
plified by the toroidal solenoid in which the current is described by the
toroidal moment.

The investigation has been performed at the Laboratory of
Theoretical Physics, JINR.

O pacnpenerleHHAX BEKTOP-IOTeHIHANa
TOPOHIAIBHBIX COJIEHOUIOB

B.M.Jly6oBuk

Ha npumMepe TOpPOMOANIBHOIO COJICHOHMA3, B KOTOPOM TOK OMMChIBA-
€ICAl C NMOMOLIBI0 TOPOHOAIILHOIO MOMEHTA, JaH MpPOCTOH cnocol Bbi-
YHCIIEHUSI TPOMOBHOM YaCTH BEKTOP-MOTEHLHaIa IS TOPOMOATBHBIX
TOKOBBIX CHCTEM, KOHGAHMHMPYIOLMX MarHUTHOE IIOJI€.

Pa6Gora BpmosnHeHa B Jlabopatopum Teopermueckoit duszuxu OUAN.

As is known 'V , the static dipole toroid moment T of a toroidal
solenoid can be evaluated by a simple formula

T = —-1-—IV (in Gauss units). 1)
4mc
Here I is the total current on the torus surface, its volume V =2r2p%R,
where p is a small and R is a large radius of the torus.
There arises a question if a charge dipole d creates a gradient

electric field 1:5 = -—(de)—:—; and a magnetic dipole IUI, a magnetic field

with a similar behaviour, then what field is created by a static toroidal
dipole? :

To answer this question let us solve the (quasi) static basic equa-
tion of electrodynamics with the gauge condition divA = 0 valid outside
the source

rotrot?\ = cj—,T =C rotrot'i"B(;) . (2)
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where the right-hand side contains the ’point” current of the toroidal
moment T. The solution of this equation is of the form of convolution
of the Green function of the Laplace equation and &-function and
should be determined by the test vector functions with the appropriate
analytical properties

<A,K> =—<r} , <tot ’rot’—'i’a(l'_”) |§(:+ r_)’)> =

I -> > - > > (3)
= <1"_1 , Trot rotK(r) > = - <rot rotT-;l-IK(r) >,

Hence, separating explicitly the contribution of a singular point r=0
we get

. ~
-> - - - - - - -

A- -rot(v-:—xT) +47T8() = ~(T v):— +4nT8(r) = @

- > 272
_3r(aT)-r*T |
- r5 t£0

87
— T 5(r) .
* 3 )

Thus, for the ’point” toroid dipole T (under the condition dlvli) 0
in R 3/10}) the distribution of the vector-potential has the same nature
as E for d and B for M At the point r = 0 the local contribution of T
to A is analogous to the contribution of the point magnetic dipole M
of the current origin* to B

Substituting T, = T from formula (1) into (4) we get in a distant
zone

2z2T, nlp2R

= I= Nl,, 5
4nz 5 czd ° ®)

A,(,0,2z) =

where 1 g is the full current in one solenoid’s loop.

A more exact formula for z = 0 derived from the general expression
for the vector-potential of the volume toroidal solenoid by a direct
calculation/4/ has the form

2
nlp“R , (6)

c(z®+ R?)%/%

A,(0,0,2) =

*Difference of contnbutlons to the field of moments of the charge and current
- origin has been explained i) in’ ( compare with }
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It is seen that at the point z = 0 the last expression A, appears to be
automatically regularised, and at the distance of several R formula (4)
is a good approximation for the case of a volume solenoid. It is seen
from (4) that if T = T(t), the toroidal solenoid creates the electric field.

Distributions of vector-potential for solenoids of closed configu-
rations, more complex than the toroidal solenoid, can be estimated
by expressions analogous to (4) for toroid moments of arbitrary multi-
polarity ¢ (we do not give them here as they are very cumbersome).

In conclusion, we should like to emphasize that by the gauge
transformation the gradient part (4) can be turned to zero at any point
outside the solenoid. However, its vanishing, for instance, in the half-
space or strip can be achieved only with the help of singular gauge
transformation (see, for example, ref.’*’ ). The latter is equivalent
to the introduction of additional magnetic fluxes (or strings). Thus,
the gradient part of (4) should be thought of as manifestation of an
additional physical degree of freedom in electrodynamics. The existence
of the gauge-invariant part of the vector-potential of a similar nature
has been proved strictly within the Hamiltonian formalism /87
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